PROPERTIES OF REPRESENTATIONS OF OPERATORS ACTING 
BETWEEN SPACES OF VECTOR- VALUED FUNCTIONS 



DELIO MUGNOLO AND ROBIN NITTKA 



Abstract. A well-known result going back to the 1930s states that all bounded linear opera- 
tors mapping scalar-valued Z/^-spaces into L°°-spaces are kernel operators and that in fact this 
relation induces an isometric isomorphism between the space of such operators and the space 
of all bounded kernels. We extend this result to the case of spaces of vector-valued functions. 

A recent result due to Arendt and Thomaschewski states that the local operators acting on 
L'^-spaces of functions with values in separable Banach spaces are precisely the multiplication 
operators. We extend this result to non-separable dual spaces. 

Moreover, we relate positivity and other order properties of the operators to corresponding 
properties of the representations. 



1. Introduction 

In the theory of partial differential equations one often proves the existence of solution op- 
erators with nice properties without arriving at an explicit formula to represent them. In such 
situations it often helps to have some abstract representation theorems for linear operators at 
hand which guarantee that the solution can be expressed by a formula having a simple struc- 
ture. Most prominent among these results are criteria to distinguish operators allowing a kernel 
representation, leading to the existence of a so-called Green's function. 

The following representation theorem can be traced back at least to Gelfand [21] and Kan- 
torovitch and Vulikh [25], see also [TBI Theorem 2.2.5]. 

Theorem 1.1. Let (rii,^i) and (Sl2,/i2) he a-finite measure spaces. There is a one-to-one 
correspondence between the bounded linear operators T from L^{Vli) to L°°{Q.2) and the bounded 
kernels k G L°°{ni x il2)- More precisely, for every k G L°°{fli x 0,2) 

(Tkf):^ I fc(a;,-)/HdMiM, f e L\n,), (1) 



defines a bounded linear operator from L^(rii) to L°"{Vl2). Conversely, every bounded linear 
operator from L^iVli) to L°°{Vl2) admits such a kernel representation. 

This theorem is not difficult to prove once a few facts about the projective tensor product 
E^T^F of two Banach spaces E and F are known. We refer to [H] or to the recent monograph [15] 
for a comprehensive treatment of Grothendieck's theory of tensor products. In fact, 

^(Li(r!i),L°°(r!2)) = {L\^i)^^L\^l2))' = L\ni x ^fa)' 
= L°°(r!i X ^2), 
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where all spaces are isometrically isomorphic. Tracking down the identifications, we obtain the 
existence (and uniqueness) of such a kernel. But see also [71 Theorem 1.3] for a more elementary 
proof. 

This result can be applied in the context of evolution equations. For example, it yields that if 
the operators of a semigroup satisfy a certain LP{fl)-to-L'^{fl) estimate, p < q, then the individual 
operators can be represented by bounded kernels. Such estimates can be obtained from Sobolev 
embeddings. We refer to [TU Chapters 2 and 3] and [5l §7.3], for details and applications. 

However, sometimes there occur (possibly infinite) systems of partial differential equations in 
a quite natural way, see for example [21 [HI [23 [MI and the references therein. For such PDEs 
whose solution families act on vector- valued function spaces it is necessary to generaHze scalar 
results like Theorem ll.ll to operators acting between spaces of functions taking values in abstract 
Banach spaces or, more generally, in Frechet spaces. One aim of this note is to work out the 
technical details for the above result. We also allow for very general measure spaces. 

The so-called weak Dunford- Pettis theorem, which we present in Section [21 will be the crucial 
step in the proof of our main representation theorem. Section [3] contains our first main result, 
the vector- valued version of Theorem ll.il Our ideas can also be used to prove a theorem which is 
similar to a recent observation due to Arendt and Thomaschewski |8j , and we describe the details 
in Section [H Section [5] treats positivity and other order theoretic questions. Finally, Section [6] 
points towards generalizations of our results into the direction of other L^-spaces. 



In the literature several results have been dubbed the "Dunford-Pettis theorem". The origi- 
nal paper by Dunford and Pettis [16] investigated (among other things) the representahility of 
operators. 

Definition 2.1. Let (O, /j,) he a measure space, F a Banach space and T a hounded linear operator 
from -L^(il, /J,) to F. We say that T is representable if there exists a density g £ L°°{fl, F) such 
that 



as a Bochner integral. 

If F is a separable dual space, then by [131 Appendix C5] each bounded linear operator 
T : L^(17,/i) — > F' is representable given that ^ is a finite measure. Closely connected to this is 
the following property of Banach spaces. 

A Banach space F is said to have the Radon-Nikodym property if for every finite measure 
space (ri,/i) every bounded linear operator T from L^{fl,^) to F is representable^ We have 
already mentioned that separable dual spaces have the Radon-Nikodym property, and so do all 
reflexive spaces according to the strong Dunford-Pettis theorem, see |13| Appendix C7]. 

However, even if T: L^{il,) — > F' fails to be representable, it is still possible to find a density 
in a weaker sense. This is the content of the weak Dunford-Pettis theorem, which we are going to 
state next. It arises rather naturally in the context of projective tensor products, see |13[ §3.3]. 
We start by introducing a function space that will turn out to be precisely the right space of 
densities. 

Definition 2.2. Let F he a Banach space and {fl, /i) he a measure space. Denote hy Co-' {^', F') 
the space of cf{F' ,F)-measurahle, <j{F' , F) -hounded functions from $7 to F' . 



2. Representability of Operators 




^In fact, it is already sufBcient to check this condition for f! = (0, 1) and the Lebesgue measure, see [131 
Appendix Dl]. 
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Here f : fl ^ F' is called a{F' , F) -measurable if the scalar function lo (f{Lu),v) is measur- 
able for every v € F, and it is called (j{F' , F)-bounded if 

WfWa' := sup ess sup I {f{(^),v) \ < oo, 
where Bp is the unit ball in F. Elements f and g of Ca'{^; F') are considered equivalent, i.e., 

II/- fflU* =0. 

Finally, we denote by L'^, {fl; F') := Ca* (f^; F')/ ^ the space of equivalence classes with respect 
to this equivalence relation, equipped with the norm ||[/]^||oo '■— II/IIct*- 

It is not hard to check that || • ||o- is a seminorm on Ca' {^', F') and that || • ||oo is well-defined 
and hence a norm on {ft; F'). We point out that the choice of the predual F of F' is implicit 
in the notation L^,{^;F'). However, it will always be clear from the context which predual we 
consider. 

There is an obvious isometric embedding from L^,{Vl;F') into .5f (F, mapping g to 

the operator Tg defined by TgV :— {g,v). In the proof of Theorem l2.4l we will show the remarkable 
fact that this map is in fact an isomorphism if (O, /x) is complete and strictly localizable in the 
sense of [HI §211E]. This is mainly due to the following deep result, which can be found in (22j 
Theorem IV.3], see also [HI §341K and 363X(e)]. 

Theorem 2.3. Let {fl, n) be a complete measure space. Then (fi, /z) is strictly localizable if and 
only if there exists a linear lifting from L°°{n) to M°°{fl), the space of bounded measurable 
functions on ft. 

Recall that a Hnear lifting is a positive, linear map g from L°°{Q; R) to M°°{fl; R) such that 
= 1 and G [/]^ for every [/]^ in L°°{fl). This can be extended to a continuous 

linear map from L°°(r2;C) to A4°°{Q,;C) still respecting the equivalence classes. We mention 
that the completeness of the measure space is crucial, see pTj . 

For a Banach space F, consider the canonical mapping from to ^{L^{Q), F'), 

assigning to k the unique bounded Hnear Tk operator satisfying 

{Tkf,v)^,p^ f {k{Lo),v)p,pf{u;)dLO (2) 
Jn 

for all i; e F and / G L^{n). 

The following weak Dunford- Pettis theorem asserts that this mapping is in fact surjective for 
complete, strictly localizable measure spacesH Our version of this theorem is slightly more general 
than what can usually be found in the literature. In fact, it describes precisely which kernels 
have to be identified and how this quotient space has to be endowed with a Banach space norm 
in order to make the identification of kernels and kernel operators an isometric isomorphism. 

Theorem 2.4 (weak Dunford-Pettis theorem). Let (ri, /i) be a complete, strictly localizable mea- 
sure space, and let F be a Banach space. Then the canonical mapping k ^ Tk is an isometric 
isomorphism from L'^,{Vl-F') to ^{L^{n),F'). 

Proof. Every strictly localizable space is localizable [181 §211L], hence L^{fiy — L°^{fl) under 
the usual identification [HI §243G]. Thus 

^{L\n),F') = {L\n)®^F)' ^J^{F,L^m, 

see also ^ and Lemma 13.21 Consequently, it suffices to show that the canonical map from 
L^(ri;F') to (F, is surjective. In fact, the resulting isometric isomorphism from 

L^, (fi; F') to F') is easily checked to be the one described in the theorem. 



In fact, the existence of a linear lifting can even be characterized by the validity of the weak Dunford-Pettis 
theorem, cf. [22 §VII.2]. 
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Let T G ^(F, L°°{Vl)) and define := q{Tv) G M°°{n), where g is a linear lifting from L°°{n) 
to A4°°(fl), which exists by Theorem 12.31 Then gv{^) is linear in v and and < ||T|| ||w|| 

because g(/)(w) < esssup^g^^ for every / e L°^{n). 

Thus {g{uj),v) := defines an element g{uj) G i^' for every w e and ||(7(ti;) < ||T||. 

By definition, g is (t(F', _F)-measurable and \\g\\a-* < < oo, hence g S Ca-*{fl; F'). By 

construction, Tg = T, where 5 := [5]^ £ (O; F') and Tg is defined as in ((2)). This finishes the 
proof. □ 

Remark 2.5. The theorem states in particular that every bounded linear operator T from L^{Q) 
into a dual space has a a {F' , F)- density k € L^,{Vl]F'), i.e., 

Tf= I /fcd/i for all f £ L^{n) 

as a a{F' ,F)-Pettis integral. This result can also he found in [16j Theorem 2.1.6] and [131 3.3]. 
If F is separable, then ||/(-)1|_f' is measurable and 

ll/lloo = esssup||/(tj)||i^'. (3) 

In fact, ||/(a;)||i?/ — sup„ | (/(a;),u„) | for every uj £Vl, where (wn)neiN is dense in F. This is the 
norm considered in [U Definition 2.1]. But in the general (non-separable) case this norm is not 
even well-defined on Ca*{ri; F') as the following example shows. 

Example 2.6. Let / be a set of the same cardinality as the continuum and consider the non- 
separable Hilbert space F :— Then there exists a bounded, cr (F', F)-measurable function 
/ on := (0, 1) taking values in F' such that the equivalence class of / in L^, (fl; F') is the zero 
function, but ||/(i)||_F' = 1 for every t £ VI. So if ||/||oo was defined as in |[3l, its value would 
depend on the choice of the representative. 

In fact, let (ef)tgo be an orthonormal basis of F. Define {f{t),v) := {v\et) for t £ I, v £ F. 
Then / has the properties described above, since ||/(i)||_F' — 1 for every t £Q, and / is cr{F' , F)- 
measurable because for every v £ F the function {f{-), v) vanishes outside a countable subset of 
fl. More precisely this shows that / is equivalent to the zero function. 

3. Representability of Operators on Spaces of Vector- Valued Functions 

We start by giving a definition of the projective tensor product in terms of a universal property. 
This approach is not the usual one. We introduce the tensor product in this way, though, because 
we will encounter a similar object in Section[5]and want out the similarity between the definitions. 
We refer to [T3j for a systematic introduction to tensor products. There one also can find proofs 
of all the mentioned results about the projective tensor product. 

Let E and F be Banach spaces. A pair {H, x), where H is a Banach space and 1^9 is a bihnear 
map from E x F to H such that ||x(u,w)|| = ||m|| ||w||, is called a projective tensor product of E 
and F if for every vector space G and every bounded bilinear map ip from E x F to G there 
exists a unique bounded linear operator T from H to G such that the diagram 

ExF > G 



T 



H 



commutes, and, moreover, this unique map T satisfies |1T|| = Here, as usual, ||iy9|| denotes 
the least constant c such that \(p{u, v)\ < c\\u\\ \\v\\ holds for all m G F and v £ F. 
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For any pair of Banach spaces there exists a projective tensor product. It is standard to 
check that the projective tensor product is essentially unique, i.e., for any two projective tensor 
products {Hi,xi) and (i?2,X2) there is an isometric isomorphism J from Hi to H2 such that 
J ° Xi = X2- We denote this space by E®t^F and write u®v for w). Moreover, E ® F 
denotes the span of the image of x, which is dense in E^^^F . 

It follows that for Banach spaces F and G, 

E®^F ^ F®^E and {E^^F)(^^G ^ E®^{F(^^G) (4) 

via the natural mappings. 

If (17, ^) is a measure space, we write {ft; E) for the Bochner space of measurable, integrable 
functions on f2 taking values in E. Then 

L^{ni)®^L\Vl2)'^L\^ixVL2), (5) 

for arbitrary measure spaces Vli and SI2, where fii x ^2 is equipped with the complete locally 
determined product measure [TU §251F], see [131 Exercise 3.27] or [18j Notes to §253]. For a- 
finite measure spaces the complete locally determined product measure is the completion of the 
usual (unique) product measure of cr-finite measure spaces, see p8l §251K]. 

We recall two further results about tensor products, which can be found for example in [32l 
III.6.5, III.6.2]. 

Lemma 3.1. Let (fi, /i) he a measure space. Then T: L^{Vl) ® E ^ -^^(f^; E) defined via 

extends to an isometric isomorphism from L^{fl)'^T^E onto L^{fl; E). 
Lemma 3.2. The dual space of E®t^F is J^'{E,F'), where the duality acts as 

(T, X ® y) <£{^E,F'),E(^^F '■— (^^' V)f',F 

for T £ if (£;, F') andx®y£E® F. 

Now we are prepared to prove the vector- valued version of Theorem 11.11 For = F = R, 
it essentially reduces to Theorem ll.il But for Banach spaces, in particular non-separable ones, 
it seems to be new. Moreover, the measure theoretical assumption, namely the existence of a 
lifting, seems to be optimal. 

Let (rii,^i) and (1^2,^2) be measure spaces. Given k G L^(f2i x Q2', .^{E, F' j), we denote 
by Tk the unique bounded linear operator from L^{n;E) to L'^,{^2]F') that satisfies 

{{Tkf){uj2),v)p, p ^ {k{uji,uj2)f{i^i),v)p, pdfii{uji) (6) 
Jill 

for every v £ F, f £ L^(rii), and ^2-almost every uj2 G ^2- As before, we equip ili x 1^2 with 
the complete locally determined product measure. 

Theorem 3.3. Let and (02,^*2) be complete, strictly localizable measure spaces. The 

mapping k ^ Tk from Lf,{ni x ^2\^{E,F')) to ^{L\ni; E), L^,{n2; F')) is an isometric 
isomorphism. 

Examples of strictly localizable measure spaces include a-finite measure spaces [TSt §211L] 
and locally compact spaces equipped with a Radon measure [20} §416B]. 

Proof. It is known that the complete locally determined product measure space fli x Q2 is again 
complete [TH! §2511] and strictly localizable |T3 §251N]. Using (in this order) 

• Theorem [23 

• Lemma [321 (applied twice). 



REPRESENTATIONS OF OPERATORS BETWEEN BOCHNER SPACES 



6 



• Lemma [SHI (0]), 

• Lemma 

• Lemma \3l2\ together with Theorem 12.41 
we see that the chain 

^iL\n,;E),L^. {n2;F')) - ^{L^Q,; E),^iL\n2), F')) 

= {L'{ni;E)^^{L\n2)^.F)y 

= {L\ni)^^L\n2)^.E^^Fy 
^^{L\ni X n2),{E^nFy) 

= L^,{nixn2;^{E,F')) 

consists of isometric isomorphics. It is an easy, yet tiresome, exercise to check that the composi- 
tion of the above isometrics is in fact the operator given by (JH) . □ 

Remark 3.4. The mapping described in Theorem \3.3\ is an isomorphism even if E and F are 
merely Frechet spaces. The proof of this fact is essentially the same as the above. One only has to 
note that all results we had cited in the proof remain valid in this case, see fTfl for Theorem \2.4[ 
and the aforementioned sections of [32j for Lemmata \3 . 1\ and \3.2l 

In some situations Theorem 13.31 remains true if we replace by L°°, i.e., if we consider 
(strongly) measurable functions only, as the following corollary shows. 

Corollary 3.5. If (fli^fii) and (ri2,M2) are complete, finite measure spaces and J^{E,F') 
has the Radon-Nikodym property, then L°°{fli x Q.2]J^{E,F')) is isometrically isomorphic to 
Ji'{L^{ni, E), L°°{n2, F')) by the same identification as in Theorem \3.3[ Moreover, 

{Tkf){uj2) ^ / k{uji,uj2)f{oJi)dfii{uji) 
as a Bochner integral in F' for ^2- almost every UJ2 E fl2- 

Proof. We can assume E ^ {0} without loss of generality. Then F' has the Radon-Nikodym 
property, too, since it can be identified with a closed subspace oi.Sf{E, F'). Now the claim follows 
from the following observation. If G is a Banach space, G" has the Radon-Nikodym property, 
and {O., fi) is a finite measure space, then the natural embedding of L°°{fl; G') into L^(ri; G') 
is in fact an isometric isomorphism. This follows from Theorem 12.41 and the definition of the 
Radon-Nikodym property. □ 

Remark 3.6. There is a class of spaces for which the assumptions of the preceding corollary 
are fulfilled. In fact, by a result due to Andrews [3], ^{E,F') has the Radon-Nikodym property 
whenever E' and F' have the Radon-Nikodym property and, moreover, every bounded linear 
operator from E to F' is compact. By Pitt's theorem [26, 42.3.(10)] this is the case for E — 
and F = where I < q' < p < 00, ^ + ^ = 1- There are also some other classes of 
Banach spaces that enjoy these properties (so that Corollary \3.5\ can be applied), including some 
LP -spaces |30j, Orlicz sequence spaces [28i p. 149], and Lorentz sequence spaces [10\ . 

4. Multiplication Operators 

In this section we apply our techniques to obtain a result that extends Theorem 2.3 in [8] to 
non-separable dual spaces. Let be a Banach space, (fl,^,fi) a strictly localizable, complete 
measure space, and p G [1, c)o], and consider the space 

L°°{n;^s{E)) {M : n -> ^{E) : M{-)x G L°°{^-E) for all x G E}. 
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For every M G L°°(ri; if^ (£')), (Xm/)!^^) := M{uj)f{uj) defines a bounded linear operator 
Mm G -^(^^(^))) even if E is not separable. These operators are called multiplication operators 
on LP{n;E). We remark that for non-separable E the space L°°(il; ^^(i?)) cannot be normed 
in the same way as in [8], compare Example 12.61 

We call an operator T G ^{LP{n; E)) local if for all / G LP(f7; E) we have 

Tf — almost everywhere on {uj : f{u;) = 0}. 

This is equivalent to the condition that 

T{tAf) = IaT/ for all / G LP{Q; E) and all v4 G S. 

It is obvious that multiplication operators are local. In [8] the authors proved the following 
theorem. 

Theorem 4.1 (Arendt, Thomaschewski) . Let he a-finite and E be separable. Then for 

every local operator T G ^{LP{n;E)) there exists M G L°°(f^; ^^(E')) such that Mm = T. 

The proof of Arendt and Thomaschewski could easily be adopted to cover arbitrary strictly 
localizable measure spaces. But it heavily exploits the separability of E to construct a kind of 
vector-valued linear lifting. We modify their approach to obtain a similar result for non-separable 
dual spaces. 

To this end, we have to consider a different space of multipHcators. Let M G L'^,{il; J^'{F')). 
This means in particular that {M{-),v' ® = {M{-)v', v) is measurable for all v' G F' and v £ F, 
compare Definition 12 . 21 and Lemma [331 In this situation we define (A^Af/)(w) :— M [uj) f (uj) and 
obtain that Mf : fl ^ F' is weakly measurable. It is not difficult to check that 

/ |((A^M/)H,«)rdMc.)<iiAf||^ ikini/ii^ 

Jn 

for simple functions / G LP{Q.]F'), hence {Mnf^v) G LP{n) and \\{MmLv) \\p < \\v\\ ||/|| 
for all / G LP{n;F') and all v e F. Thus Mm! e LP{Q;F') if and only if Mm! is almost 
separably valued, cf. ^6, Corollary 1.1.3]. In this case. Mm is a bounded operator on LP{Q; F'), 
and IIXmII < 

One can easily come up with examples that MmJ ^ LP{fl; F') if F' and (il, S, ^) are rich 
enough, for example using [6l Example 1.1.5]. Thus not every multipHcation operator with multi- 
plier in (fi; J^{F')) defines a local operator. But still, every local operator is a multipHcation 
operator in this sense as the following theorem shows. 

Theorem 4.2. Let F be a Banach space. Then for every local operator T G J^{Lp{Q.\ F')) there 
exists M G L~ (17; such that Mm = T. 

Proof. Since (fi, is strictly locaHzable, there exists a lifting g: L°°{n) M°°{Vi) and a 
family {Aa)a£i of mutually disjoint sets of finite measure in E, covering fi, such that B C 12 is 
measurable if (and only if) B n Aa is measurable for all a, and /i(i?) = ^ Aa). 

Let T G ^Ilp{VI-F') be local. Fix a G / and v' G F' and define M^.v' ■= T(1a„w'), which 
lies in Lp{VI;F'). We show that even M^^v' G L°°{n]F'). In fact, let e > and define 

B, := {c. G A, : ||Ma,.'(c^)|| > (1|T|| + 

Since T is local, 

tji{B,){\\T\\+e)P\\v'\\P< f tBjA'U.,{cu)\\Pdf^{uj) ^ f \\T{lB^v'){cu)\\Pdf,{cu) 

JAa J A^ 

<\\T\\p\\tB^v'r^^\\T\\p^,{B,)\W\\p. 

This is only possible if u' = or /i(i?e) — 0. In both cases we obtain ||Mq_„/ (w) || < ||T|| for 
almost all a; G 11 by letting e tend to 0. 
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Now define Ma.v',v '-=9° {May{-),v) G A4°°{fl). Then Ma^v',v{^) is a bilinear function of 
V and v' and \Ma^v' ,v{'^)\ < \\T\\ \\v'\\ \\v\\. Hence {Ma{uj)v' ,v) := May^v defines an element 
M„(w) e ^{F') such that ||M„(w)|| < ||T|| for every lu e n. Define M (w) := Afa(w) for lu e A^. 
Then M: ^ ^{F') is well-defined, bounded, and {M{-)v',v) = [M{-),v' iS> v) is measurable 
for all V thanks to the properties of Aa. 

Since the simple tensors are total in F'i^t^F, this shows that M is in Ccr*{^;^{F')) and can 
thus be considered to be an element of {fl; F'). By construction and because T and A4 m are 
local operators, MmJ = Tf for all simple functions. Approximating arbitrary / G LP{Q; F') by 
simple functions, this implies that M m/ e LP{n- F') and Tf = Mm! for all / £ F'). □ 

Finally, we show that Theorems 14.11 and 14.21 give the same result in the cases in which both 
of them apply. 

Proposition 4.3. Let E = F' be a separable dual space. Then L^, (f7; ^{F' j) = L°°{n; ^s{F')). 

Proof. A function / is in (il; ^(i^')) if and only if ||/(-)|| is essentially bounded and the 
function (/(Oj v' (E)v) — (/(•)«', v) is measurable for all u' (g) w S F'i^t^F. Here we used that F is 
separable and the simple tensors are total in F'^^^F, compare also the discussion regarding 
By [HI Corollary 1.1.3] this is the case if and only if /(>' e L°°(r2;F') for all v' e F' , i.e., 

f GL°°{n;^,iF'). □ 



5. Positive Representations and Regular Representations 

In this section, we only consider real Banach lattices and complete, strictly localizable measure 
spaces. We denote the positive cone of a Banach lattice E by E^, and we write E'_^_ for the set 
of all positive linear functionals on E. 

By definition, a measurable function f : ft ^ E is positive if f{uj) £ E+ for almost every 
w S O. Note that this ordering makes L^{Q;E) into a Banach lattice such that \ f\{uj) = \ f{oj)\ 
for almost every e fi. 

For a function / in L'^,{fl;F') we say that / is positive if there exists a representative of 
/ taking values only in F^, or, which is the same thanks to the positivity of the linear lifting, 
{k{-),v) e L^{fl) for every v G F+. This makes L^(ri;F') isometrically order isomorphic 
to L^{Q;Fy via the natural identification, see also the proof of Theorem 12.41 In particular, 
(fi; F') is a Banach lattice. On the subspace L°°{il; F') of (fJ; F'), this ordering coincides 
with the pointwise order. 

The following two theorems relate the positivity of the operator to the positivity of the rep- 
resenting kernel and multipHer as defined in the previous sections, respectively. In other words, 
these theorems say that, in the case of Banach lattices, the identifications of Theorems l3.3l and l4.2l 
are isometric lattice isomorphisms [U Theorem 2.15]. 

Theorem 5.1. Under the assumptions of Theorem let in addition E and F be Banach 
lattices. Then k is positive if and only if Tk is positive. 

Proof. If k is positive, then the right hand side of ^ is non-negative whenever / G L^(Vl]E) 
and V G F+. This means Tkf > almost everywhere, which is precisely the meaning of > 0. 

If, on the other hand, Tk > 0, then the right hand side of (JH) is non-negative for every 
/ G L^(0;i?) and v G F^.. Putting / :— uIa for an arbitrary measurable set A and some 
u G F_|_, we see {k{-,-)u,v) > almost everywhere. Applying a linear lifting we obtain a 
representative of k taking values in the positive operators. Hence A: > by definition. □ 

Theorem 5.2. Under the assumptions of Theorem \4-2\ let in addition F be a Banach lattice. 
Then T is positive if and only if M is positive. 
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Proof. It is obvious that A^Af > whenever M > 0. 

Now assume that T = A4m > 0. We use the notation of the proof of Theorem 14.21 Note 
that for u' > we have Ma.v' > almost everywhere and hence May^v{i^) > for all uo <^ Vl 
if > 0, since g is positive. This means Ma{(-o) > 0, hence M{uj) > 0, for all oj & il. Thus the 
representative M constructed in the proof is positive if T is positive, and the claim is proved. □ 

It is also possible to relate further order properties of k and Tk. Recall that an operator T 
from to is called regular if it can be written as a difference of positive operators. The space 
of all regular operators from i? to F is denoted by J^^{E,F). If F is Dedekind complete, for 
example if F is the dual of a Banach lattice, then every regular operator T from E to F has 
a modulus |T| = sup{T,-T}, and ||T||^ := || |T| || makes ^''{E,F) into a Dedekind complete 
Banach lattice [H Theorem 4.74]. 

Let Tfc be defined via We will characterize the kernels k such that Tk is regular. In 
fact, we will find an isometric lattice isomorphism between Ji'^{L^{ni; E), L'^t{fl2; F')) and an 
appropriate space of kernels. 

For this, we introduce the so-called p-tensor product of Banach lattices. A pair {H, x), where H 
is a Banach lattice and x is a positive bilinear map from ExF to H such that ||x(m, v)|| = ||u|| \\v\\, 
is called a p-tensor product of E and F if for every Banach lattice G and for every bounded, 
positiv^ bilinear map ip from E x F to G there exists a unique bounded linear operator T from 
H to G such that the diagram 

ExF > G 



commutes, and, moreover, this unique map T is positive and satisfies ||T|| = \\(p\\. 

It is not hard to check that if {Hi,xi) and {H2,X2) are p-tensor products of E and F, then 
there exists a (unique) isometric lattice isomorphism J from Hi to H2 such that J o xi — X2- 
Moreover, Schlotterbeck [33] constructed a p-tensor product for every pair of Banach lattices E 
and F, compare also [4]. Thus there is an essentially unique p-tensor product, which we denote 
by E®pF , and we will write u® v for x{'^^ v). Since T is unique, the linear span E ® F o{ the 
image of x is dense in E®pF. 

Now fix G = R. A positive operator R from E to F' can be identified with the positive bilinear 
map ipn defined as (Pr{u, v) := {Ru, v) . By the universal property there exists a unique element 
tpR in {E(i)pF)' such that iPr{u(^v) = {Ru,v) for all u & E and v £ F. For a regular operator S, 
there exist positive operators Si and S2 such that S = Si — S2, and we define ips '■= 4'Si — V'S2- 
This definition does not depend on the choice of Si and S2 and is consistent with the definition 
for positive operators. 

We claim that S" 1-^ Vs is an isometric lattice isomorphism from ^^{E,F') to [E^pF)' . It 
is not hard to see that the mapping is linear and that Vs' = only if = 0. It follows from 
the universal property that S is positive if and only if ij^S is positive. For "0 £ {E®pF)'j^, the 
positive bilinear map y := i/i o x defines a positive operator S via {Su,v) := ip{u,v) such that 
ip = tps- Since the cone of {E®pF)' is generating, this shows that for every 1/; e {E®pF)' there 
exists a regular operator S such that -0 = '0s- Hence S' 1-^ 05 is a lattice isomorphism. Since for 
functional the regular norm and the operator norm coincide, the universal property shows that 

11^11. = II |5| II = ||¥'|5|ll = 11^-15111 = II IV'SI II = ||^S||, 



bilinear map f. E x F G is called positive if ip{u, v) G G+ for all u e and v G -F+ . 
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i.e., that S t-^ ■tps is isometric. 

Using the universal property, one can show that is commutative and associative via the 
natural identifications, for example by extending the definition of the p-tensor product to n 
factors and showing that {EiS)pF)iS)pG and E^p{F^pG) are models of E®pF®pG. 

There is a striking similarity between the definitions of the projective and the p-tensor product. 
In fact, the definitions agree apart from the additional positivity conditions. Thus the following 
result is not surprising. 

Lemma 5.3. Let fl be a measure space and F be a Banach lattice. Then L^{fl; F) is isometrically 
order isomorphic to L^{fl)(S)pF . 

Proof. It suffices to show that {L^{Q;F),x) with ■— fi )v has the universal property of 

the p-tensor product of L^{n) and F. Then x is positive and \\x{f7v)\\L^(n-F) = ||/||i ll'^'ll- Let 
G be a Banach lattice and (p he a bounded, positive bilinear functional from L^{n) x F to G. 
If there exists a bounded linear operator T as in the universal property, it satisfies 

n n 

t(^1^.i;,) (7) 

i=l i=l 

for all choices of measurable sets Ai C ft and vectors Vi £ F. Since the simple functions are 
dense in L^{fl; F), this shows uniqueness of T, if it exists. Moreover, if a bounded T satisfies |(7]), 
then T o X = ^, since this holds on a dense subspace and x cind V ^ire continuous. Furthermore, 
if T satisfies ^ , then 

IITII > sup{r(x(/,t.)) : ll/lli < 1, \\v\\ < 1} = sup{^(/,i;) : ||/||i < 1, \\v\\ < 1} - ||^||. 

We still have to show that there exists a bounded, positive operator T that satisfies ([7]) and 
||r|| < \\^p\\. Define T on the simple functions by |(7]). For Vi d F and disjoint, measurable sets 
Ai C fl oi positive measure, let g := '^AiVi- Then 

n n 

\\Tg\\ = < IIV'llE 111^.11 ll^'^ll = ll'^ll \\9\\L^(n;F)- 

i=l 2=1 

Since such g are dense in L^(fl;F), this shows that T has a continuous extension to L^{fl;F) 
such that ||r|| < \\lp\\. From ^ we obtain that Tg G G+ if <? > 0, i.e., if Vi G F+ for all i. Since 
such functions g are dense in L\{Q; F) and G+ is closed in G, T is positive. 

We have checked all conditions in the universal property. Hence L^{fl; F) and L^{Q)^pF are 
isometrically order isomorphic by the uniqueness of the p-tensor product. □ 

The lemma shows in particular that L^{fl)i^pL^{fl) is isomorphic to L^{fl x fl), compare ([5]) 
and Lemma [STTl 

Now we are in the position to prove the announced theorem about the correspondence of the 
regularity of the kernel and the operator. 

Theorem 5.4. Let fli and ^2 be complete, strictly localizable measure spaces, and let E and 
F be Banach lattices. Then k ^ Tk as defined in ^ is an isometric lattice isomorphism from 
L'^,{n^xn2;J^nE,F')) onto ^-{L\nr,E),L^,{n2;F')). 

Proof. Recall that and L^{Vl;F)' are isometrically isomorphic. Using the properties 

of the p-tensor product, we can proceed as in the proof of Theorem 13.31 We obtain that 

L'^,{ni X n2;^''{E,F')) ^ L\ni X n2;E^pFy = {L\ni; E)^pL\n2; F))' 

^.^^iL\Q;E),L^,{n2;F')) 

is a chain of isometric lattice isomorphisms. The composition is given by fc i-^ T^. This proves 
the claim. □ 
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The theorem shows that the regular operators are precisely those whose kernel takes values 
in the regular operators and is bounded even with respect to the regular norm. In particular, 
not even every kernel in C([0, l]^; ^{E, F')) such that k{x, y) G ^-"{E, F') for all (x, y) G [0, 1]^ 
defines a regular operator Tfe. The next example shows how one can construct such a kernel. 

Example 5.5. Let E := F' := H := L^(T) with the natural ordering, where T denotes the 
one dimensional torus. The space J^'^^H) is not closed in J^'{H), see for example |9l Counterex- 
ample 3.7]. Hence there exist regular operators Sn such that \\Sn\\ and ||S'n||r ^ oo as 
n — * oo. By linear interpolation we find a continuous function / from [0, 1] to ^{H) taking 
values in ^' (iJ) such that ^ cxj as x — + 0. Then k{x,y) := f{x) defines a function in 

C([0,l]2;^(iJ)), k{x,y) e ^''{H) for all {x,y) G [O,!]^, but Tk is by Theorem [Ol not regular. 

6. LP-Representations 

In Theorem [33] we have characterized the operators between spaces of vector- valued functions 
that come from bounded kernels. In the scalar case this reduces to Theorem 11.11 For scalar- 
valued functions, there is one other class of kernels for which it is fairly simple to describe 
the corresponding operators. In fact, every Hilbert-Schmidt operator from L'^{fli) to L^(ri2) 
corresponds to a kernel k G i^(r2i x fl2) via formula ([1]). This result can easily be generalized 
to the vector-valued case, too. 

Here we denote the space of all Hilbert-Schmidt operators from a Hilbert space Hi to another 
Hilbert space H2 by ^2{Hi,H2)- It is well-known that ^2iHi, H2) itself is again a Hilbert space. 

Theorem 6.1. Let fli and ^2 be a-finite measure spaces, and let E and F be Hilbert spaces. Then 
the mapping k t-^ Tk defined as in ^ is an isometric isomorphism from L^(rii x $^2; -S^2(-E', F)) 
onto ^2iL^i^i;Ey,L''ifl2;F)). 

Proof. We make use of standard properties of the usual complete Hilbert space tensor product 
®(T (cf. [m §2.6] for details) and deduce that 

.^2{L^{ni;E),L^{n2;F)) = {L^{ni)®,E)®,{L\n2)®aF) ^ L\ni)^,L^{n2)®aE^aF 

^ L^rii X n2)®a^2{E,F) ^ L^rii x n2;^2{E,F)) 

is a chain of isometric isomorphisms. □ 

In particular, the square of the Hilbert-Schmidt norm of an operator Tk equals 

\\Tk\\%'^, = / l|fc(a;,y)lll'2(B.F)d(a;,y)- 

Remark 6.2. Theorem \6.1\ shows that, in contrast to the scalar-valued case, not every operator 
mapping L^{0,1;H) to L°°{0,1]H), H a Hilbert space, is a Hilbert-Schmidt operator. This is 
not very surprising, though, since such operators are in general not even compact if H is infinite- 
dimensional. 

It is natural to ask whether we can find characterizations of operators associated with kernels 
in LP{fli x D,2', A{E, F')), where A{E, F') is a suitable subspace of .J^(i?, F'), for example a space 
of Schatten class operators if E and F are Hilbert spaces. 

In the scalar case, the situation is well-understood and leads to the concept of Hille-Tamarkin 
operators. It is for example possible to describe the spectrum of such operators rather precisely 
due to a celebrated result by .lohnson-Konig-Maurey-Retherford |23j. More on this topic can be 
found in [291 §6.4]. 

However, we run into severe difficulties when we try to attack this question with the above 
techniques involving tensor products, even in the scalar case. Although there are natural can- 
didates for suitable tensor products in the L^-setting, e.g. and ®/ in [31] and in |13[ 
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Chapter 7], thoso arc just not as well-behaved as the projective or Hilbert space tensor product. 
For example, in general LP(Q)®H ^ H®U'{^) for any of these tensor products, i.e., ® is not 
commutative. 
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